Abstract. This paper deals with an investigation of the effects of diffraction and radiation on a submerged sphere in water of finite depth d. We assume that the fluid is homogeneous, inviscid, and incompressible, and the fluid motion is irrotational. In real situations, the submerged sphere will experience six degrees of freedom (i.e., motions); three translational and three rotational. In this paper, however, we consider a very idealized situation because of the complex nature of the physical problem. Two important motions, namely, the surge (horizontal oscillations) and the heave (vertical oscillations) motions are studied. Our attention is mainly focused on the hydrodynamic coefficients of these motions. The crux of the problem lies entirely on the determination of these coefficients which are inherently related to the determination of the motions of the submerged sphere in regular waves. This type of problem is usually solved by using potential theory, and mathematically, we look for the solution of a velocity potential which satisfies Laplace's equation along with the free surface, body surface, and bottom boundary conditions in conjunction with a radiation condition. This boundary value problem, in fact, consists of two separate problems: (a) diffraction problem and (b) radiation problem.
1. Introduction. The motions of a spherical body in a regular gravity wave are investigated in this paper. There are plenty of practical instances where this study can be used. A simple and very useful example in the real world is the motion of a submarine of spherical shape in water of finite or infinite depth if the submarine hull is considered a neutrally buoyant sphere.
The study of waves and wave loading on submerged structures has been the subject of active research since the days of Havelock [4] , and in practice, he can be considered as the pioneer in this area of research. A British electrical engineer turned applied mathematician, Havelock contributed tremendously in the field of water waves. Havelock's pioneering work investigating the vertical motion of a floating hemisphere in infinite water depth was extended by Hulme [5] to investigate the added mass and radiation damping. Gray [3] studied the scattering problem of a submerged sphere by expanding Green's function and the associated velocity potential in spherical harmonics.
An analysis of the hydrodynamic problem of linear forces acting on a submerged sphere in an infinite water depth was investigated by Wang [9] . By employing a special series solution, Wang solved the governing equation satisfied by the velocity potential. Wu and Taylor [10, 11] considered a submerged spheroid and obtained analytical solutions for the linear forces. An analysis of wave induced drift forces acting on a submerged sphere in finite depth was presented by Wu et al. [12] . They used the method of multipole expansions as demonstrated by Thorne [8] to determine the linear velocity potential for a finite water depth. In a recent study, Bora [1] and Bora et al. [2] used the multipole expansion method of Thorne to obtain the velocity potential for the problem of a submerged sphere in finite water depth. In that work the mathematical problem was split into two boundary value problems: a diffraction and a radiation problem.
This paper presents a systematic analysis for calculating the velocity potentials arising in the diffraction and radiation problems due to a submerged sphere in finite water depth. We have evaluated two very important hydrodynamic coefficients inherent to the problem. By using the multipole expansion method, the added mass and radiation damping coefficients are obtained. The mathematics is extremely complex due to the presence of sophisticated mathematical functions namely, spherical Bessel functions and associated Legendre functions which play paramount roles in the solution process. The linear complex algebraic equation plays an important role in the solution process, which determines the important unknown constants. Once these constants are determined, the problem is completely solved. We believe that the combined effects of diffraction and radiation by a submerged sphere in finite water depth have not been investigated before, and to the best of our knowledge this has been significantly absent from all the published literature so far. The determination of the motions using these two coefficients by the combined effects of diffraction and radiation adds a novelty of advancement to our knowledge in this important area of research. We have presented our analytical results in a lucid and very systematic way.
Mathematical formulation for the diffraction problem.
We assume that the fluid is homogeneous, inviscid and incompressible and the fluid motion is irrotational. The waves are also assumed to be of small amplitude. Here we consider the coefficients related to the motion with two degrees of freedom, namely, the two translational motions in the x and z directions, that is, surge and heave motions, respectively. We consider a surface wave of amplitude A incident on a sphere of radius a submerged in water of finite depth d. The body is assumed to have motions with three degrees of freedom in the presence of incident waves with angular frequency σ . The wave is parallel to the x-axis at the time of incidence on the sphere and is propagating along the positive direction.
We consider two sets of coordinate systems. One is a right-handed Cartesian coordinate system (x,y,z), in which the x-y plane coincides with the undisturbed free surface and the z-axis is taken vertically downwards from the still water level. The other coordinate system is the spherical coordinate system (r ,θ,ψ) with the origin at the geometric center (0, 0,h) of the sphere. The relationship between the coordinate systems is given by z − h = r cos θ, x = r sin θ cos ψ, and y = r sin θ sin ψ such that
For an incompressible and inviscid fluid, and for small amplitude wave theory with irrotational motion, we can express the fluid motion by introducing a velocity potential Φ(r ,θ,ψ,t). This Φ can be written as
where Re stands for the real part. The motion is also assumed to be harmonic. Also, from Bernoulli's equation, we get pressure, P (r ,θ,ψ,t) as
Now, the problem can be considered as a combination of two fundamental problems: the diffraction problem of an incident wave interacting with a fixed body; and the radiation problem of a body forced to oscillate in otherwise still water. Because of the linearity of the situation, the time-independent velocity potential φ(r ,θ,ψ) can be decomposed into four velocity potentials φ I , φ D , φ 1 , and φ 3 where φ I is the incident potential, φ D is the velocity potential due to the diffraction of an incident wave acting on the sphere; and φ 1 and φ 3 are velocity potentials due to the radiation of surge and heave, respectively.
Thus, φ can be written as
where X 1 and X 3 are the displacements for surge and heave motions, respectively. Here φ I , φ D , φ j , j = 1, 3, are all functions of r ,θ, and ψ and X j , j = 1, 3, is the independent parameter.
To obtain the velocity potential φ, the following boundary problem is to be solved. Laplace's equation in spherical coordinates:
Free surface boundary condition:
Bottom boundary condition:
Radiation condition:
where K = σ 2 /g and k 0 is the finite depth wavenumber defined by
and the incident and diffraction potentials satisfy the body surface condition
where n denotes the normal vector from body surface to fluid.
The radiation potentials satisfy the body surface condition (a) for surge motion: The boundary conditions (2.9) and (2.10) have arisen from the equation
2.1. Incident potential. The incoming waves of amplitude A and frequency σ propagating in the positive x-direction can be described by the following incident velocity potential:
Using McLachlan [6] and Thorne [8] , the incident potential can be expressed in terms of the associated Legendre functions as
where 0 = 1 and m = 2 for m ≥ 1, or we can write for our convenience,
14)
Changing s to s + m and modifying, we havê
where
Hence, the incident potential φ I can be written in the final form as
Diffraction potential.
The diffraction velocity potential φ D satisfies (2.3), (2.4), (2.5), (2.6), and (2.8). We can express this potential by making it ψ-independent as follows:
where the ψ-independent potential iŝ
Here A mn are the unknown complex coefficients and G m n are the multipole potentials. Multipole potentials are solutions of Laplace's equation which satisfy the free surface and bottom boundary conditions and behave like outgoing waves from the singular point which in this case is the centre of the sphere.
The potential G m n can be expressed as
The quantities α and r 1 are defined as
The line integration in the expression for G 
Using the orthogonality property of the associated Legendre functions and modifying the result, we arrive at 3. Exciting forces. The forces associated with the incident and diffraction potentials are the exciting forces which play a very important role in the wave field for a structure in water. The exciting forces F (e) j can be obtained from
where j = 0 corresponds to heave exciting force and j = 1 corresponds to surge exciting force and we have written φ ID = φ I + φ D ,
From (2.18) and (2.31), we have
Applying the body surface condition ∂φ D /∂r = −∂φ I /∂r at r = a and some simplifications gives
Now the exciting forces are given by
where j = 1 for j = 0, j = 2 for j ≥ 1. Using the orthogonality property of the associated Legendre functions,
Hence, the horizontal force, that is, the surge exciting force F (e) x = f xd is given by
The vertical force, that is, the heave exciting force F (e) z = f zd is given by
Non-dimensionalizing the forces given by (3.7) and (3.8), we can write the nondimensional forces as 4. Radiation problem. Having solved the diffraction problem for the submerged sphere, we now turn our attention to the radiation problem. As mentioned earlier we will consider surge and heave potentials only. All these potentials satisfy the same set of equations except for the body boundary condition which is different for each motion. Both being related with translational motions, surge and heave potentials have resemblance in their expressions. Hence we proceed to find the expression for surge and heave potentials at the same time and then evaluate them using the respective boundary conditions. One very important point to note is that due to the body symmetry of a sphere, no moment acts upon the body.
The radiation velocity potential φ m must satisfy
The kinematic boundary condition on the body surface for the radiation problem in the case of surge and heave motions can be written as The velocity potentialφ m (r , θ) will be expanded in multipole potentials which have already been discussed while dealing with the diffraction potential. Now, from Thorne [8, Section 5], removing the time dependence term, where After simplifying, and using the orthogonality of the associated Legendre functions, and making some re-arrangements,
(4.10)
Determination of hydrodynamic coefficients and motion.
The coefficients related with the radiation play a big role in allowing us to know the impact of motions due to radiation. The evaluation of added-mass and damping coefficients is of utmost importance in analyzing the contribution of radiation to the total boundary value problem. [7] , the components of the radiated force can be written as
Surge hydrodynamic coefficients. From Sarpkaya and Isaacson
where µ ij and λ ij are, respectively, called the added-mass and damping coefficients. Those coefficients are taken to be real and are termed added-mass and damping coefficients, respectively, since they assume corresponding roles in the equations of motion.
The equation of motion can be written as (Newton's law of motion)
where M ij is the mass matrix, C ij the hydrodynamic stiffness matrix and F (e) i are the exciting forces associated with the diffraction potential.
The exciting force can be considered as the forcing function of the motion. It is emphasized that this equation relates to an unrestricted floating or submerged body. The added-mass coefficients µ ij are analogous to those for a body accelerating in an unbounded fluid, but they are not the same. The damping coefficients λ ij are associated with a net outward flux of energy in the radiated waves and thus represent only damping due to (radiating) fluid motion. The coefficients µ ij and λ ij are not dimensionless but possess appropriate dimensions.
The radiated force F r 1 due to the surge motion can be written as the real part of f r 1 e −iσ t where f r 1 is given by
This radiated force can be conveniently decomposed into components in phase with the velocity and the acceleration,
where X 1 = Re{X 1 e −iσ t }. Hence, we can write
Then equating relations (5.3) and (5.5), we get
which will yield the following after cancellingX 1 throughout
Hence, equating the real and imaginary parts, the added-mass and damping coefficients are, respectively, given by
Re iφ 1 (a, θ, ψ) sin 2 θ cos ψ dθ dψ, (5.8)
The surge potential φ 1 (r ,θ,ψ) at r = a can be written from (4.8) as
Hence using (5.9) in (5.7) and (5.8) and simplifying by the use of the associated Legendre functions, we obtain the added-mass and damping coefficients as
A n a n P
(5.11)
Or else we can represent µ 11 and λ 11 as
Using Newton's law of motions, that is, mass times acceleration = the external forces, we get
x , (5.13)
where M 11 is the mass of the displaced fluid, the first two terms on the right-hand side are due to the radiated force in the x-direction in which µ 11 is the surge added mass, λ 11 the surge damping coefficient and F (e) x the x-component of the exciting force. Although elementary in form, (5.13) plays a fundamental role in the oscillating system. Therefore we must always cite the form of the equation.
In complex form, the equation of motion can be summed up as
which simplifies to That gives usX
The amplitude of the surge oscillation is thus determined by (5.17). This solution to this expression is inherently connected to the added mass and radiation damping coefficients.
Heave hydrodynamic coefficients.
The radiated force F r 3 due to the heave motion can be written as the real part of f r 3 e −iσ t where f r 3 is given by
Considering X 3 = Re{X 3 e −iσ t }, we have, proceeding as in Section 5.1,
where µ 33 and λ 33 are the heave added-mass and damping coefficient due to heave motion, respectively. Hence,
20)
The heave potential φ 3 (r ,θ,ψ) at r = a can be written from (4.8) as
Therefore, using (5.21) in (5.19) and (5.20) and simplifying with the associated Legendre functions, we obtain the heave coefficients as
(5.24)
Or else we can represent µ 33 and λ 33 as
The equation of motion (Newton's law of motion) in complex form can be written as
where ν 33 is the restoring coefficient which is a known quantity, M 33 is the mass of the displaced fluid and
It is to be noted here that the amplitude of the heave oscillation is assumed to have a restoring force component in the vertical direction, and has been given by (5.28). The evaluation of this amplitude is connected with the determination of the added mass coefficient and the radiation damping which makes the problem interesting. Once the surge amplitude and the heave amplitude have been completely determined, the total forces on the submerged sphere due to diffraction and radiation can be determined. The next section deals with this investigation.
Evaluation of forces.
This section is concerned with the evaluation of wave forces due to the combined effects of diffraction and radiation. To the best of our knowledge, the following analysis has not been reported in the existing literature. Therefore, we present the analysis in this section. We find the forces acting along the x and z directions. The component of the horizontal force f x can be computed from
where f xd is the x-component of the diffraction force and f x1 the force due to surge motion. The mathematical expression for each case is given by
2)
It is to be emphasized here that the double integrals look very simple but the integrands are complicated expressions. Considerable efforts have been made in the integration process as can be seen in the following.
The vertical force component f z can be written as
where f zd is the z-component of diffraction force and f z3 the force due to the heave motion. The mathematical expression for each case is given by
Similar efforts have also been made in the evaluation of these double integrals with complicated expressions as integrands. The final solutions are summarized in the following.
Substituting the value of φ 1 (a, θ, ψ) from (5.10) into (6.3), we can evaluate f x1 as
(6.7)
Substituting the value of φ 3 (a, θ, ψ) from (5.22) into (6.6), we can evaluate f z3 as
(6.8)
Hence, the total force along the x-axis is
Similarly, the total force along the z-axis is
10) whereX 1 andX 3 are given by (5.17) and (5.28) and in the following we have rewritten them for ready reference only.
with µ 11 , λ 11 , µ 33 , and λ 33 as already obtained. So, (6.9) and (6.10), respectively, give us the total horizontal and vertical forces due to the combined effect of diffraction and radiation. The evaluation of the forces along the x and z axes helps us in understanding the combined effect of diffraction and radiation.
Results and discussions.
Exciting force coefficients obtained for the submerged sphere give good comparison with the results obtained by Wang [9] for infinite water depth. In long waves (Ka < 0.1), the shallow water heave exciting force at the fixed submergence h/a = 1.25 reduces significantly from that in deep water. The converse is true for surge exciting forces where the values in water of depth 2.5a are more than double of those in depth 20a. Tables 7.1, 7 .2, 7.3, and 7.4 present the results for the added-mass and damping coefficients for both surge and heave motions for different submergence values. The results show good agreement with those obtained by Wang [9] . From Tables 7.1 and  7 .3, we see that the added-mass µ 11 and µ 33 steadily decrease after reaching the maximum values in the range 0.4 ≤ Ka ≤ 0.5. After Ka = 1.5, they vary very insignificantly. Tables 7.2 and 7 .4 show that the damping coefficients λ 11 and λ 33 start from zero and after a certain value of Ka, they decrease uniformly to reach zero again when Ka = 5.0. Also, we notice that the damping coefficients are smaller compared to the added-mass for all the submergence values. Analytic expressions for the total forces have been determined in Section 6. The effects of diffraction and radiation have been accounted for. The research in this area is continuing. Our next step will be to display the results in graphical form considering the effects of diffraction, the effects of radiation, and the combined effects of diffraction and radiation on a submerged sphere in regular waves of finite water depth. These results , if possible, will be compared with the available experimental or field data. We are very enthusiastic in our goal to collect field data to confirm this mathematical theory.
